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Who am I? - Vegard Undheim

▶ Vegard Undheim
▶ From Undheim, here in Rogaland (close to Bryne).

▶ New Ph.D. student at UiS (started 01.08.22)
▶ Supervised by Alex B. Nielsen.

▶ M.Sc. from NTNU
▶ Thesis was presented at “Fysikermøtet” in 2021.

▶ Current research on using gravitational wave data to constrain
non-Einsteinian gravity,
▶ but for now I have worked on parametrizing the 1PN waveform of normal GR.
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What is the inspiral? - A phase of compact binary evolution

Inspiral Merger Ringdown

▶ The inspiral - the first phase.
▶ The orbit is to a good approximation circular, and Keplerian, with some small

corrections scaling as
(

v
c

)2n corresponding to the nth post-Newtonian correction
(nPN).
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What is the inspiral? - How to determine the orbit as a function of time

Seperate into two different scales (of both time and distance):

Short scale (t ∼ 2π
ω , L ∼ r ≫ Rs)

▶ The effects of gravitational wave
energy dissepation can be
neglected.

▶ Expand GR action to desired
order in

(
v
c

)2 and GM
rc2 ≃ (

v
c

)2, and
compute the Lagrangian.

▶ From the Lagrangian, compute the
Hamiltonian to obtain energy as a
function of orbital frequency,
E(ω).

Long scale (t ≫ 2π
ω , L ∼ λGW ≫ r)

▶ The binary can be approximated as
a point source with multipole
structure for gravitational waves.

▶ We can use the EoM obtained at
short scale to determine the motion
of the source (the effect of radiation
on the binary is still not included).

▶ Obtain the energy flux as a function
of orbital frequency, F(ω).
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What is the inspiral? - Adding effects of radiation to the orbit: inspiral

How?- Demand energy conservation!

dE

dt
= −F . (1)

Then the phase of the binary can be analytically expressed as

dΦ
dt

= ω ⇒ dΦ = ω dt = − ω

F dE = − ω

F
dE

dω
dω . (2)

There are a lot of approximations being preform to obtain E(ω) and F(ω), so next
these wil be presented and kept track of throughout the computation until Φ(t).
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Orbital mechanics at 1PN - short scale - Two categories of expansion
Because of Keplers third law ω2 = GM/r3 and v2 ≃ r2ω2 = GM/r, expansions in
the coupling constant belongs in the PN expansion. We can thus use strategies
from QFT!
Thus I have organized the short scale expansion into 2 categories:

Relativistic velocity expansions (mostly
SR)
Cτ Expansion of proper time dτ = γ−1 dt

CE The energy-momentum tensor
T 00

pp = γmc2, T ij
pp = γmvivj

Cs Simultanity of the propegator/Greens
function = −∂2

0 +∇2 = ∇2
(
1− ∂2

0
∇2

)
(makes more sense in Fourier space).

Gravitational expansions (mostly
static)

Cprop Expansion of the graviton
action/EoM.

Cint Expansion in the interaction term.
Cten Velocity coupling in the

interaction term (dependent on
tensor structure of graviton
action).
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Orbital mechanics at 1PN - short scale - Expanding the graviton action

Expanding the EH action to quadratic order in metric pertubations
(gµν = ηµν +hµν) and imposing the linearized version of coordinate invariance
produces an equivalent Lagrangian density to the masless Fierz-Pauli

LF P = −1
2hµν,ρhµν,ρ + 1

4h,σh,σ + λ

2 hµνT µν , (3)

which reproduses linearized gravity (which must further be PN expanded, with the
leading order term being Newtonian gravity).
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Orbital mechanics at 1PN - short scale - Expanding the action

Terms with higher powers in hµν will produce couplings of the graviton field with
itself in the EoM:

P µν:αβ hµν = −λ

2

(
T αβ + tαβ

(2) + λ

2 tαβ
(3) + . . .

)
(4)

∼ + + + · · ·

Effects from this expansion will be parametrized by 1+Cprop
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Orbital mechanics at 1PN - short scale - Expanding the interaction term
In full GR the motion of point particles are determined by geodesics, derived from
extrimizing the path through space-time

Spp = −mc

∫ √
−gµν ẋµẋν dτ = −mc2

∫ √
1−λhµν

ẋµ

c

ẋν

c
·γ−1 dt . (5)

Taylor expanding the square root produces a power series in the coupling constant
as well, and can be described diagramatically as

∼ + + + · · ·

This effect will be parametrized by 1+Cint
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Orbital mechanics at 1PN - short scale - Velocity dependent coupling
In the EoM, and the Greens function, there is a tensor structure

Pµν:αβ = 1
2
(
ηµαηνβ +ηµβηνα −ηµν ηαβ

)
(6)

Dµν:αβ(xµ −yµ) = Pµν:αβ

δ
(
x0 −y0)

4π|x−y| (7)

These are written graphically in Feynman diagrams as

v0 v2 v1 v1

These contributions will be given a factor of 1+Cten. 10 / 20
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Orbital mechanics at 1PN - short scale - The final Lagrangian

Obtained by integrating out the volum of the point particle action, substituting
hµν for EoM obtained by the graviton action.

L0PN = µv2

2 + GMµ

r
, (8)

L1PN =


µv2

2
1+Cτ

4 (1−3η)v2

c2 − GMµ
r

GM
rc2

(
1
2 +Cprop − Cint

2

)
+GMµ

r
v2

c2

[
3
2 +Cten + CE

2 +η
(

1+(v̂·r̂)2

2 +2Cten −CE − Cs
2 (1− (v̂ · r̂)2)

)]
.

(9)
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Orbital mechanics at 1PN - short scale - The orbital equation of motion

Solving the equation of motion for ω, and imposing circular motion yields

ω2 = GM

r3

[
1− GM

rc2

(
3+2Cprop −Cint +Cten + CE +Cτ

2

+η

{
−1+2Cten −CE − Cs +3Cτ

2

})]
. (10)

Next up: preforming the Legendre transform of the Lagrangian, we obtain the
Hamiltonian!
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Orbital mechanics at 1PN - short scale - Finaly, the energy

H =µv2

2

[
1+ v2

c2
3(1−3η)

4 (1+Cτ )+ GM

rc2

(
3+2Cten +CE +η

{
2+4Cten −2CE

})]

− µr2ω2

2
GMη

rc2 (1+Cs)− GMµ

r

[
1− GM

rc2

(1
2 +Cprop − Cint

2

)]
. (11)

Solving v2 and GM

r
for ω using the EoM yields the final result:

Eorb =− µ(GMω)2/3

2

[
1−

(
GMω

c3

)2/3
{

3
4 + 1

12Cτ + 1
3CE + 2

3Cten − 2
3Cprop

+ 1
3Cint +η

( 1
12 − 1

4Cτ − 1
3Cs − 2

3CE + 4
3Cten

)}]
.

(12)
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GW production at 1PN - long scale - The multipole structure GW sources

To leading order

hij(t,R) = λ

16πR
Q̈ij(tret) (13)

Qij
quad(t) =

∫
T 00(t,x)xixj d3x (14)

And at higher orders there are source contributions from higher order multipoles
(from energy), and current multipoles (from momentum). These has been given
there own correction constants: Cquad, Coct, and Ccurr.quad.

14 / 20



GW production at 1PN - long scale - The energy flux up to 1PN

F1PN =32η2

5G

(
GMω

c3/2

) 10
3
[
(1+Cquad)+

(
GMω

c3

) 2
3 1

1008

(
(1+Cquad)

[
−3741

−672
{

4Cprop −2Cint +2Cten +CE +Cτ

}]
+1367 ·Coct

+28 ·Ccurr.quad −η

{
(1+Cquad)

(
−2940+672

[
4Cten −2CE −Cs −3Cτ

])

+5468 ·Coct +112Ccurr.quad

})]
.

(15)
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GW waveform at 1PN - Putting it all together

Using conservation of energy between the scales, the phase of the binary is given by

dΦ =− ω

F
dE

dω
dω = 5

64ηCquad
x− 7

2

[
1+x

(
743
336 +4Cprop −2Cint + 1

2Cτ

− 1367
1008

Coct
Cquad

− 1
36

Ccurr.quad
Cquad

+η

{
11
4 − 3

2Cτ + 1367
252

Coct
Cquad

+ 1
9

Ccurr.quad
Cquad

})]
dx

(16)

Here, x ≡ (GMω/c3)2/3 ≃ v2/c2 ≃ GM/rc2.
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GW waveform at 1PN - The phase as a function of frequency

Φ(x) = Φ0 − 1
32η(1+Cquad)x− 5

2

[
1+x

(
3715
1008 + 20

3 Cprop − 10
3 Cint

+ 5
6Cτ − 6835

3024
Coct

(1+Cquad) − 5
108

Ccurr.quad
(1+Cquad)

+η

{
55
12 − 5

2Cτ + 6835
756

Coct
(1+Cquad) + 5

27
Ccurr.quad

(1+Cquad)

})]
. (17)
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GW waveform at 1PN - Solving for time

(t− tc) ≡ τ = 5GM

265ηc3(1+Cquad)x−4
[
1+x

3
4

(
23
21 +4Cprop −2Cint + 1

2Cτ (18)

− 1367
1008

Coct
(1+Cquad) − 1

36
Ccurr.quad

(1+Cquad) +η

{
−9

7 − 3
2Cτ + 1367

252
Coct

(1+Cquad) + 1
9

Ccurr.quad
(1+Cquad)

})]
.

Defining Θ ≡ ηc3(1+Cquad)
5GM τ and inverting to solv for x(Θ) gives

x(Θ) = Θ− 1
4

4

[
1+Θ− 1

4

(
743
4032 + 1

3Cprop − 1
6Cint + 1

24Cτ − 1367
12096

Coct
(1+Cquad)

− 1
432

Ccurr.quad
(1+Cquad) +η

{
11
48 − 1

8Cτ + 1367
3024

Coct
(1+Cquad) + 1

108
Ccurr.quad

(1+Cquad)

})]
(19)
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GW waveform at 1PN - Phase as a function of time

Θ ≡ ηc3(1+Cquad)
5GM τ

Φ(Θ) =Φ(x(Θ)) = Φ0 − Θ
5
8

η(1+Cquad)

[
1+Θ− 1

4

(
3715
8064 + 5

6Cprop − 5
12Cint

+ 5
48Cτ − 6835

24192
Coct

(1+Cquad) − 5
864

Ccurr.quad
(1+Cquad)

+η

{
55
96 − 5

16Cτ + 6835
6048

Coct
(1+Cquad) + 5

216
Ccurr.quad

(1+Cquad)

})]
. (20)
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GW waveform at 1PN - The spatial distance over time

Θ ≡ ηc3(1+Cquad)
5GM τ

γ−1(Θ) = c2

GM
r(Θ) = 4Θ

1
4

[
1−Θ− 1

4

(
743

48384 + 7
18Cprop − 7

36Cint + 1
18Cτ + 1

36Cten

+ 1
72CE − 1367

12096
Coct

(1+Cquad) − 1
432

Ccurr.quad
(1+Cquad) +η

{
29
144 − 1

6Cτ

+ 1
18Cten − 1

36CE − 1
72Cs + 1367

3024
Coct

(1+Cquad) + 1
108

Ccurr.quad
(1+Cquad)

})]
(21)
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Thank you for your attention.
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