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Heavy quarks in heavy ion collisions 

• Some remain as bound state in the whole evolution

• Some release constituents and travel through QGP, 

thermalize via diffusion 
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⌅ bulk of matter created in HICs is expected to quickly reach some intermediate equilibrium
) “strongly coupled QGP”

⌅ But wait... what about heavy quarkonia?
⌅ M � T , only produced in early hard collisions
⌅ remain as bound states / melt into constituents

⌅ travel through QGP, thermalize to some extent via diffusion

⌅ form DD̄ or BB̄ meson pairs, decay into dileptons
) probes for transport properties of QGP

J/ ⌥

cc̄ bb̄

3.1GeV 9.5GeV

cf. T ⇠ O(100) MeV

[Figure: S. Bass, mod. by O. Kaczmarek]

[SA.Bass]

Heavy quarkonia are produced only in the early stage of collisions
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• Heavy quark diffusion can be calculated perturbatively 

• But the convergence at interested coupling is poor

<latexit sha1_base64="MCKmbMfckaqOQtF6EuTD21euruQ=">AAACCnicbVDLSsNAFJ3UV62vqEs3o0VxY0lU1I1Q1IXLCvYBTQ2T6bQdOpmEmRuhhKzd+CtuXCji1i9w5984fSy0euDC4Zx7ufeeIBZcg+N8WbmZ2bn5hfxiYWl5ZXXNXt+o6ShRlFVpJCLVCIhmgktWBQ6CNWLFSBgIVg/6l0O/fs+U5pG8hUHMWiHpSt7hlICRfHvbA5L4qRcS6Kkw7XOZZXvnHgPiX92lB26GfbvolJwR8F/iTkgRTVDx7U+vHdEkZBKoIFo3XSeGVkoUcCpYVvASzWJC+6TLmoZKEjLdSkevZHjXKG3ciZQpCXik/pxISaj1IAxM5/BkPe0Nxf+8ZgKds1bKZZwAk3S8qJMIDBEe5oLbXDEKYmAIoYqbWzHtEUUomPQKJgR3+uW/pHZYck9KRzfHxfLFJI482kI7aB+56BSV0TWqoCqi6AE9oRf0aj1az9ab9T5uzVmTmU30C9bHNyiEmok=</latexit>

⌧kin = ⌘�1
D

<latexit sha1_base64="FQqG3A7AzNf94kLym5mzxRYX9rY=">AAACDXicbVDLSsNAFJ34rPUVdelmsAquSqKiboSiXbgRKvQFTQiT6aQdOpmEmYlQQn7Ajb/ixoUibt2782+ctFlo64ELh3Pu5d57/JhRqSzr21hYXFpeWS2tldc3Nre2zZ3dtowSgUkLRywSXR9JwignLUUVI91YEBT6jHT80U3udx6IkDTiTTWOiRuiAacBxUhpyTMPHaKQV4dX0AkEwmkzS++81AmRGoowHVGeZfXMMytW1ZoAzhO7IBVQoOGZX04/wklIuMIMSdmzrVi5KRKKYkayspNIEiM8QgPS05SjkEg3nXyTwSOt9GEQCV1cwYn6eyJFoZTj0Ned+Zly1svF/7xeooJLN6U8ThTheLooSBhUEcyjgX0qCFZsrAnCgupbIR4inYrSAZZ1CPbsy/OkfVK1z6un92eV2nURRwnsgwNwDGxwAWrgFjRAC2DwCJ7BK3gznowX4934mLYuGMXMHvgD4/MH0jCcFA==</latexit>

⌘D =
T

MkinD

�

��

��

��

��

���

���� ��� ���� ��� ���� ��	 ��	� ��� ���� ���


�

���

��

���

LO: 2𝜋TD～37.5

NLO: 2𝜋TD～7.2

𝛼s=0.2

PRC71, 064904

Q 1: At what temperature do quarkonia dissociate?

 

Q 2: How fast do heavy quarks thermalize in QGP? 

see J-I. Skullerud’s talk on Mon. at 14:40-15:00 in Track D



✴ Deformation of SPF

   —> dissociation temperature

Heavy quark diffusion from lattice QCD

• Analytic continuation and spectral reconstruction

✴ Transport peak:

   —> heavy quark diffusion coefficient
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inversion methods with prior information
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✴ Backus-Gilbert Method

✴ Maximum Entropy Method

✴ New Bayesian Method

✴ Stochastic Approaches

✴ Machine learning

✴ …

M. Asakawa, et al., PPNP. 46(2001) 445-508

HTS, et al., PRD97, 094503

B. B. Brandt, et al., PRD93, 054510(2016)

Y. Burnier and A. Rothkopf, PRL 111,18,182003

H.-T. Ding, et al., 2110.13521

see A. Rothkophf’s talk on Mon. at 9:30-10:00

• Lattice QCD provides non-perturbative determination from first principle

• Heavy quark diffusion determination requires spectra extracted from lattice correlators



Outline
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• Heavy quark diffusion coefficient D


✴ Charm quark diffusion from charmonium correlators


✴ Bottom quark diffusion from bottomonium correlators


• Heavy quark momentum diffusion coefficient kappa


✴ Leading contributions kappa_E  from color-electric field correlators


✴ Subleading contributions kappa_B from color-magnetic field correlators
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Charmonium and bottomonium correlators
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[HTS et al., PRD104(2021) 11, 114508]

• Charmonium and bottomonium correlators at physical mass in quenched approximation

• Extrapolation to continuum limit based on large&fine lattices

• Temperature from 1.1Tc - 2.25Tc



Perturbative spectral function
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• Subtract the perturbative contribution
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• pNRQCD calculations applicable around the threshold

• Ultraviolet asymptotics valid well above the threshold

• Combine two parts by interpolation:

[M. Laine, JHEP05(2007)028]

[Y. Burnier et al., EPJC72, 1902(2012)]

[Y. Burnier et al., JHEP11(2017)206]
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Fix the transport peak
• Transport peak plays its most significant role at midpoint

• Calculate midpoint correlator by integrating Lorentzian ansatz with varying eta

• Compare with lattice data and find range for eta from intersections
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[HTS et al., PRD104(2021) 11, 114508]
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Charm&bottom quark diffusion coefficient

• Consistent with results from AdS/CFT and previous lattice study at close-
to-charm quark mass at finite lattice spacing


• Lattice determinations favor the AdS/CFT calculations
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[HTS et al., PRD104(2021) 11, 114508]



Heavy quark momentum diffusion 

GJJ (! ) ! GEE (! ) = "
1
3

3!

ii =1

#Re Tr[U(" , ! )gEi (! ,#0)U(! , 0)gEi (0,#0)]$
#Re Tr[U(" , 0)]$

!

!

• Correlators cheap to measure on the lattice 
• Less structure in spectral functions 

       (no transport peak and resonance peak)

[S. Caron-Huot et al., JHEP 0904 (2009) 053]• Large quark mass limit in effective field theory

• Construct a kinetic mass dependent momentum diffusion coefficient

• Carry out large quark mass limit for the operators
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Multi-level algorithm
GEE from multi-level and link-integration:

•  Multi-level method reduces noise in correlators

•  Multi-level is only applicable in quenched approximation
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[A. Francis, et al, PRD92 (2015)116003]
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!x

A sketch of multi-level algorithm

[M. Luscher and P. Weisz, JHEP 09 (2001) 010]

Independent updates in each sub-lattice 
followed by a measuring of operator



kappa from multilevel method
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• Models with correct asymptotic behavior

• Modeling corrections to IR part by a power 

series in frequency

[A. Francis, et al, PRD92 (2015)116003]
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Temperature dependence of kappa
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• Wide temperature range from 1.1Tc to 1e4Tc

• Model of linear connection of IR and UV part 

• Model of hard switch between IR and UV part 

[N. Brambilla, et al, PRD102 (2020) 7, 074503]
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similar study by 

[D. Banerjee, et al, arXiv: 2204.14075]
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[Luscher & Weisz, JHEP1102(2011)051]
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• A diffusion equation along flow time t towards the stationary point of the action:

• LO solution shows a “smearing radius”:

• Small flow time expansion of operators:

• Continuum extrapolation followed by flow-time-
to-zero extrapolation to obtain “correct” physics

• Applications:
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! "
! SG [Bµ (x, t )]

! Bµ (x, t )
! D! G! µ (x, t )

Heavy quark diffusionHai-Tao Shu 12 / 23

For introduction of gradient flow, see A. Shindler’s talk on Mon. at 10:00-10:30



kappa from gradient flow: quenched case
• Quenched approximation on large, fine, 

isotropic lattices

• High precision for reliable 𝑎→0 

extrapolation and 𝑡→0 extrapolation

! a[fm](a! 1[GeV]) N! N" T/T c #confs.

6.8736 0.026 (7.496) 64 16 1.50 10000
7.0350 0.022 (9.119) 80 20 1.50 10000
7.1920 0.018 (11.19) 96 24 1.50 10000
7.3940 0.014 (14.21) 120 30 1.50 10000
7.5440 0.012 (17.01) 144 36 1.50 10000

Table 1: Lattice setup used to perform the continuum extrapolation. For the Þnest lattice, we
used Þve quark sources for the two kappa values closest to bottomonium and charmonium

Lattice ! T/T c #conf
643 ! 16 6.8736 1.5 10000
803 ! 20 7.0350 1.5 3000
963 ! 24 7.1920 1.5 1000

Table 2: # of confs.

! a[fm](a! 1[GeV]) N! N" T/T c #confs. #meas.

6.8736 0.026 (7.496) 64
16 1.50 10000 10000
64 0.00 10000 -

7.0350 0.022 (9.119) 80 20 1.50 10000 10000

7.1920 0.018 (11.19) 96

16 2.25 10000 -
24 1.50 10000 3000
28 1.29 10000 -
32 1.13 10000 -
48 0.75 10000 -

7.5440 0.012 (17.01) 144 36 1.50 - -
7.7930 0.009 (22.78) 192 48 1.50 - -

Table 3: Lattice setup used to perform the continuum extrapolation. For the Þnest lattice, we
used Þve quark sources for the two kappa values closest to bottomonium and charmonium

2
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• Gradient flow reduces the noise in correlators

• Gradient flow removes the lattice effects (disordering)

• Need proper flow time range

[HTS et al., PRD103(2021) 1, 014511]



kappa from gradient flow: flow time limit

• Flow destroys the signal at 
small distances


• Large distance parts are not 
affected


• More points are destroyed at 
larger flow times


• At most 1% deviation of flowed 
correlators from unflowed ones 
determines maximum flow time:
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8! F T =
0.00, cont
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a : to suppress lattice e! ects

a : lattice version of the

perturbative ßow time limit

a !
!

8t !
! " a

3
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[HTS et al., PRD103(2021) 1, 014511]
[A. M. Eller et al., PRD97 (2018) 11, 114507]



kappa from gradient flow: double extrapolation

• Perturbative flow time range is applicable on the lattice

• Correlators within flow time limits are linear in flow time

• Beyond the upper bound correlators are destroyed soon

• An overall shift between correlators from gradient flow and multi-level

• Spectral reconstruction on double-extrapolated correlators
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[A. Francis et al. PRD92 (2015)116003]
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• continuum extrapolation:

• flow-time-to-zero extrapolation:

G! ,! F (N! ) =
m
N 2

!
+ Gcont

! ,! F

<latexit sha1_base64="KGjOtcQ3OMODpTOMQ1veLSChRF0=">AAACA3icbVDLSgMxFM3UV62vqjvdBItQEcqMiroRioK6rGAf0BmGTCbThmYeJHeEUgpu/BU3LhRx60+4829M21lo64ELJ+fcS+49XiK4AtP8NnJz8wuLS/nlwsrq2vpGcXOroeJUUlansYhlyyOKCR6xOnAQrJVIRkJPsKbXuxr5zQcmFY+je+gnzAlJJ+IBpwS05BZ3bso2kNS9PrggNvVjwJMnPvTcYsmsmGPgWWJlpIQy1Nzil+3HNA1ZBFQQpdqWmYAzIBI4FWxYsFPFEkJ7pMPamkYkZMoZjG8Y4n2t+DiIpa4I8Fj9PTEgoVL90NOdIYGumvZG4n9eO4Xg3BnwKEmBRXTyUZAKDDEeBYJ9LhkF0deEUMn1rph2iSQUdGwFHYI1ffIsaRxVrNPK8d1JqXqZxZFHu2gPlZGFzlAV3aIaqiOKHtEzekVvxpPxYrwbH5PWnJHNbKM/MD5/AMdLllY=</latexit>

G(! F ) = a á! F + b

similar study by 

[N. Brambilla, et al, arXiv: 2206.02861]

[HTS et al., PRD103(2021) 1, 014511]



kappa from gradient flow: full QCD (I)
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Nf = 2 + 1 , HISQ, m! = 320 MeV

• First study on heavy quark momentum diffusion with dynamic quarks

• Simplified gradient flow applied (only flow gauge fields)

• Similar behavior for color-electric field correlators as in the quenched case

[L. Altenkort, HTS et al., in preparation]
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kappa from gradient flow: full QCD (II)
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[HTS et al., in preparation]

A
dS

/C
F

T
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!/T 3ÒlineÓ, LO, 0 .20
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! model , ! UV ,
!

8 ! F
!

T = 296 MeV

• Spectral reconstruction at justified finite flow time

• Well-controlled systematic uncertainty in spectral reconstruction

• Continuum extrapolation on the way

[L. Altenkort, HTS et al., in preparation]
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A summary of kappa_E
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• Consistent results among studies with static quark 
in quenched approximation


• Significant decreasing of 2piTD when dynamical 
quarks are turned on


• 2piTD from static quarks in full QCD are close to 
those from quenched simulations at physical 
charm&bottom quark mass 


• Subleading contributions?
[A. Bouttefeux and M. Laine, JHEP12(2020)150]
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full LQCD :
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Corrections from color-magnetic correlators
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[S. Caron-Huot et al., JHEP 0904 (2009) 053]

[A. Bouttefeux and M. Laine, JHEP12(2020)150]

[M. Laine, JHEP06(2021)139]

• Full kappa is defined on full force-force correlator
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• Subleading contribution from GBB
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• Different renormalization for GEE and GBB
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[HTS et al., PRD103(2021)1,014511]
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Renormalization of color-magnetic field correlators
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•Renormalization of GBB obtained from multilevel method

•Renormalization of GBB obtained from gradient flow

• first two terms are RGI (running) constants

• last term suffers from large uncertainty

[D. Banerjee et al., arXiv: 2204.14075]
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• treat the renormalization constant as a fit parameter

• spectral reconstruction at finite flow time

• flow-to-zero-extrapolation of kappa_B

[N. Brambilla et al., arXiv: 2206.02861]
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Determine the anomalous dimension?
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• Define the problem in gradient flow-scheme

• Match MSbar-scheme and gradient flow-scheme

• Simple fix of running scale 

• Scale dependence must go for “WeWant” and 
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A summary of quenched results for kappa_B
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• Consistent estimates for kappa_B among different studies 

• kappa_B is smaller than kappa_E

• kappa_B brings 2piTD down, closer to the AdS/CFT line

• kappa_B in full QCD is on the way

• charm & bottom quark diffusion in full QCD is on the way
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Concluding remarks
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• The charm & bottom quark diffusion have been investigated at physical 
mass in the continuum limit from quenched LQCD


• The color-electric contribution to heavy quark momentum diffusion has been 
calculated in quenched & full LQCD


• The color-magnetic contribution to heavy quark momentum diffusion has 
been calculated from quenched LQCD


• Consistent results are obtained among various LQCD studies on heavy 
quark momentum diffusion


• Heavy quark diffusion and heavy quark momentum diffusion approach 
closer when taking subleading contribution into account


• Dynamic quarks are crucial in the study of heavy quark diffusion
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• Solve Zf using RGE


