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Isospin rich matter may not have a 1st-order transition at all.
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Meson-Rich Crossover (at low density)

Baryon-Rich Crossover (at high density)

The picture of ideal hadron resonance gas works. 
Thermodynamics dominated by non-interacting mesons.

Deconfinement = Hagedorn Transition

Near Tc conformality is the most broken.

Baryons interact very strongly (in the large Nc limit).

Quark degrees of freedom encoded in pion exchanges.

Conformality restored very early via interactions.

Fujimoto-Fukushima-McLerran-Praszalowicz (2022) 
→ Talk by Yuki Fujimoto on August 4th.
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FIG. 1. Comparison of the EoS in this work (HDLpt) and
other EoSs. The blue and the orange bands represent our
results and the preceding results from Refs. [12, 23], re-
spectively, with ⇤̄ = µ � 4µ. The green band is from the
�EFT [24]. The red band shows the EoS inferred from the
Neural Networks in the machine learning analysis of the neu-
tron star observation [22]. The dashed black line is the APR
EoS extrapolated from the nuclear side [25].

extrapolated EoSs from the nuclear side, the Bayesian
analysis has been recognized as a powerful instrument
for the inference analysis to identify the most likely EoS
based on the observational data [17–19] (see Ref. [20] for
a review). Recently, the Machine Learning technique has
been also advocated as a complementary method to infer
the EoS [21, 22]. It would be of utmost importance to
make a direct comparison of the inferred EoS candidates
and the QCD-based estimates. To this end, we are urged
to reduce uncertainty and widen the validity region of
the pQCD or HDLpt calculations.

In this Letter we will report the first successful at-
tempt to construct a better convergent EoS from the
HDLpt framework incorporating the strange quark mass
e↵ect. From the technical point of view, we adopt the
resummation schemes in the gluon sector as prescribed
in Ref. [4] and in the quark sector as in Ref. [15] with our
own extension to cope with the strange quark mass. Our
expressions are given in the form of exact integrations
without any expansion in terms of the screening mass as
in Ref. [7].

Central results: Since technical details are cumber-
some, we shall first present our central results in Fig. 1
and then proceed to technical details later. Not to
make the comparison on the figure too busy, we chose
only a few representative EoSs from the nuclear side;
namely, the EoS extrapolated from the chiral E↵ective
Field Theory (�EFT) calculation [24] by the green band,
the Neural Network output in the machine learning anal-
ysis [22] by the red band, and the Akmal-Pandharipande-
Ravenhall (APR) EoS [25] shown by the dashed line.

The orange band in the region, " > 103 MeV/fm3, rep-

FIG. 2. Baryon number density as a function of the quark
chemical potential. In the figure pQCD refers to the results
from Refs. [12, 23] and HDLpt to our results.

resents the results from pQCD [12] for which we utilize
the concise formula as given in Ref. [23]. Higher-order
corrections could be added, but the uncertainty band
is not much changed from Ref. [12]. The uncertainty
band width abruptly diverges, from which it has been
said that pQCD is reliable only at extreme high den-
sities far from reality. At a glance, indeed, we should
understand how di�cult it is to make a robust interpo-
lation between the nuclear and the pQCD EoSs. Now, a
surprise comes from a blue narrow band that represents
results from our HDLpt calculations. The uncertainty
band is drastically reduced and the HDLpt EoS appears
to be merged into the nuclear EoSs smoothly in the inter-
mediate density region. It should be noted that the APR
EoS overshoots ours, but this is due to a well-known flaw
in the APR EoS, i.e., superluminal speed of sound which
violates causality.
One may wonder what causes such a drastic di↵er-

ence on Fig. 1. We can qualitatively understand this
from Fig. 2 in which the baryon number density nB as
a function of the quark chemical potential µ is plotted.
Because the HDLpt sums the quark loops up, nB is the
most sensitive quantity a↵ected by the resummation in
the quark sector. It is an interesting and reasonable ob-
servation that nB is suppressed at fixed µ after the re-
summation: thermodynamic quantities are dominated by
quark quasi-particles, and in HDLpt, quark excitations
are more screened by self-energy insertions, as compared
to pQCD treatments. Therefore, on Fig. 1, the corre-
sponding µ for a given " becomes larger, and the corre-
sponding running coupling ↵s(⇤̄ = ⇠µ), where ⇠ = 1, 2, 4,
is smaller. This qualitative argument partially accounts
for the reduction of the uncertainty band, but not fully
yet. If we plot the pressure P and the energy density "
as functions of µ, respectively, the uncertainty bands are
not such narrow as in Fig. 1. Nevertheless, P (") with
⇤̄ = µ and that with ⇤̄ = 4µ happen to stay close, which

Fujimoto-Fukushima (2020)

Data-driven EOS agrees with an empirical EOS (APR) 
and seems to continue to the pQCD EOS with crossover.

See: Fujimoto-Fukushima-Murase (2018-2021) for ML (NN) inference.
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 HRG Lattice pQCD

High-T has been understood by HRG + pQCD

High-Density
2

FIG. 1. Comparison of the EoS in this work (HDLpt) and
other EoSs. The blue and the orange bands represent our
results and the preceding results from Refs. [12, 23], re-
spectively, with ⇤̄ = µ � 4µ. The green band is from the
�EFT [24]. The red band shows the EoS inferred from the
Neural Networks in the machine learning analysis of the neu-
tron star observation [22]. The dashed black line is the APR
EoS extrapolated from the nuclear side [25].

extrapolated EoSs from the nuclear side, the Bayesian
analysis has been recognized as a powerful instrument
for the inference analysis to identify the most likely EoS
based on the observational data [17–19] (see Ref. [20] for
a review). Recently, the Machine Learning technique has
been also advocated as a complementary method to infer
the EoS [21, 22]. It would be of utmost importance to
make a direct comparison of the inferred EoS candidates
and the QCD-based estimates. To this end, we are urged
to reduce uncertainty and widen the validity region of
the pQCD or HDLpt calculations.

In this Letter we will report the first successful at-
tempt to construct a better convergent EoS from the
HDLpt framework incorporating the strange quark mass
e↵ect. From the technical point of view, we adopt the
resummation schemes in the gluon sector as prescribed
in Ref. [4] and in the quark sector as in Ref. [15] with our
own extension to cope with the strange quark mass. Our
expressions are given in the form of exact integrations
without any expansion in terms of the screening mass as
in Ref. [7].

Central results: Since technical details are cumber-
some, we shall first present our central results in Fig. 1
and then proceed to technical details later. Not to
make the comparison on the figure too busy, we chose
only a few representative EoSs from the nuclear side;
namely, the EoS extrapolated from the chiral E↵ective
Field Theory (�EFT) calculation [24] by the green band,
the Neural Network output in the machine learning anal-
ysis [22] by the red band, and the Akmal-Pandharipande-
Ravenhall (APR) EoS [25] shown by the dashed line.

The orange band in the region, " > 103 MeV/fm3, rep-

FIG. 2. Baryon number density as a function of the quark
chemical potential. In the figure pQCD refers to the results
from Refs. [12, 23] and HDLpt to our results.

resents the results from pQCD [12] for which we utilize
the concise formula as given in Ref. [23]. Higher-order
corrections could be added, but the uncertainty band
is not much changed from Ref. [12]. The uncertainty
band width abruptly diverges, from which it has been
said that pQCD is reliable only at extreme high den-
sities far from reality. At a glance, indeed, we should
understand how di�cult it is to make a robust interpo-
lation between the nuclear and the pQCD EoSs. Now, a
surprise comes from a blue narrow band that represents
results from our HDLpt calculations. The uncertainty
band is drastically reduced and the HDLpt EoS appears
to be merged into the nuclear EoSs smoothly in the inter-
mediate density region. It should be noted that the APR
EoS overshoots ours, but this is due to a well-known flaw
in the APR EoS, i.e., superluminal speed of sound which
violates causality.
One may wonder what causes such a drastic di↵er-

ence on Fig. 1. We can qualitatively understand this
from Fig. 2 in which the baryon number density nB as
a function of the quark chemical potential µ is plotted.
Because the HDLpt sums the quark loops up, nB is the
most sensitive quantity a↵ected by the resummation in
the quark sector. It is an interesting and reasonable ob-
servation that nB is suppressed at fixed µ after the re-
summation: thermodynamic quantities are dominated by
quark quasi-particles, and in HDLpt, quark excitations
are more screened by self-energy insertions, as compared
to pQCD treatments. Therefore, on Fig. 1, the corre-
sponding µ for a given " becomes larger, and the corre-
sponding running coupling ↵s(⇤̄ = ⇠µ), where ⇠ = 1, 2, 4,
is smaller. This qualitative argument partially accounts
for the reduction of the uncertainty band, but not fully
yet. If we plot the pressure P and the energy density "
as functions of µ, respectively, the uncertainty bands are
not such narrow as in Fig. 1. Nevertheless, P (") with
⇤̄ = µ and that with ⇤̄ = 4µ happen to stay close, which

pQCD
A duality region 
where the hadrons 
and quarks may 
coexist (quarkyonic).
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Baryonic (Nuclear) Matter and Quark Matter 
are not distinguishable = Quarkyonic

N N

¼

Pressure of Quark Matter

Pressure of Baryonic Matter

Kinetic Energy ~ O(Nc)

Interaction Energy ~ O(Nc)

McLerran-Pisarski (2008)
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NN, NNN, NNNN, …. 
all many-body interactions 
become the same order 
of O(Nc) around ~ 2n0 

Nuclear Matter Quarkyonic
Regime

Quark
Matter

(Mode-by-mode deconf.)

Classical Percolation at pc
Quantum Percolation at pq(E)

Baryon Density

(Core dominance)

Hard
Deconfinement

Soft
Deconfinement

Quantum percolation 
has a critical density 
as a function of energy.


Partial deconfinement!

Fukushima-Kojo-Weise (2020)
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Matching of Global Symmetry Breaking Patterns

Baryons: 8+1 (low-lying) Quarks: 3color × 3flavor = 9

qqq
qqq

Condensate
ExcitationFlavor 

Triplet

hudi hdsi hsui Diquark condensates break chiral symmetry 
in the same way as the hadronic phase.

Diquarks realize duality between baryons and quarks!

Physical degrees of freedom have 1-1 correspondence. 
(Quarks = Baryons / Gluons = Vector Mesons / etc…)
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hnni ⇠ hudd uddi
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Fujimoto-Fukushima-Weise (2020)
In the neutron star nuclear matter is neutron rich and 
the neutron pairing is formed. 2

Neutron superfluid Color superconductor
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⇠ n0 ⇠ 5n0 ⇠ 10n0

FIG. 1. Schematic picture of quark-hadron continuity be-
tween neutron superfluid and color superconductor. Cooper
pairing of neutrons (indicated by dashed line) continuously
connects to pairing of quarks in diquark condensates.

negative with increasing energy of the two nucleons, indi-
cating that the pairing interaction turns from attractive
to repulsive with increasing Fermi energy. Consequently,
pairing in the 1

S0 channel is disfavored at high densities
and taken over by pairing in the 3

P2 channel. This prop-
erty is attributed to the significant attraction selectively
generated by the spin-orbit interaction in the triplet P -
wave with total angular momentum J = 2. All other
isospin I = 1 S- and P -wave NN phase shifts are smaller
or repulsive in matter dominated by neutrons. Various
aspects and properties of 3

P2 superfluidity inside neu-
tron stars, from its role in neutron star cooling to pulsar
glitches, are subject to continuing explorations (see, e.g.,
Refs. [27, 28] and [29]). A recent advanced analysis of
pairing in neutron matter based on chiral e↵ective the-
ory (EFT) interactions including three-body forces can
be found in Ref. [30].

Our aim in this work is to investigate the continu-
ity between superfluid neutron matter and two-flavor
quark matter with 1

S0 and 3
P2 superfluidity. Related

two-flavor NJL model studies have been reported in
Refs. [31, 32]. Here our point is to collect and discuss
the arguments which do indeed suggest that the conti-
nuity concept applies to superfluid pairing when passing
from neutron matter to u-d-quark matter with a surplus
of d-quarks, as schematically illustrated in Fig. 1. We
should emphasize that our “continuity” would not ex-
clude rapid but continuous changes in relevant physical
degrees of freedom, but we shall rather focus on a logical
possibility of smooth crossover from neutron matter to
quark matter. In fact, as we will discuss later, the chiral
symmetry breaking in the density region of continuity or
crossover of our interest may be far suppressed than that
in the low-density hadronic phase and in the CFL phase.
One scenario of the phase diagram presumed here is as
follows; the chiral symmetry breaking diminishes in dense
nuclear matter and its scale may become much smaller in
the continuity region between nuclear and quark matter
but yet it is nonzero as we address later. Eventually the
chiral symmetry breaking would be enhanced again once
the CFL condensates form.

This paper is organized as follows. In Sec. II we de-

FIG. 2. Schematic picture of quark-hadron continuity be-
tween the 3P2 neutron superfluid and the 2SC + hddi color
superconductor.

scribe some general physical properties of dense neu-
tron star matter and motivate the continuity between
hadronic matter and quark matter from a dynamical
point of view. Section III recalls the conventional quark-
hadron continuity scenario based on symmetry breaking
pattern considerations. In Sec. IV, we show how the or-
der parameter of 3

P2 neutron superfluidity can be rear-
ranged into two-flavor superconducting (2SC) hudi and
superfluid hddi diquark condensates. Section V clarifies
the microscopic mechanism that induces the hddi con-
densate in the 3

P2 state. In Sec. VIA, we demonstrate
that the 3

P2 hddi diquark condensate can be related to
a macroscopic observable, namely the pressure compo-
nent of the energy-momentum tensor. This in turn is
an important ingredient in neutron star theories. For
an isolated nucleon it is also a key subject of deeply-
virtual Compton scattering measurements at JLab [33].
In Sec. VIB, discussions are followed by a suggestive ob-
servation for the necessity of “2SC+X” to fit the cooling
pattern, where X may well be identified with the d-quark
pairing. Finally, Sec. VII summarizes our findings.

II. ABUNDANCE OF NEUTRONS AND DOWN
QUARKS IN NEUTRON STAR MATTER

In the extreme environment realized inside neutron
stars, the conditions of �-equilibrium and electric charge
neutrality must be satisfied. A crude but qualitatively
acceptable picture is that of a degenerate Fermi gas of
protons/neutrons and u, d quarks. Interaction e↵ects will
be taken into account later, but let us first consider free
particles and briefly overview the qualitative character of
the matter under consideration. Here, we assume matter
at densities around the onset of u, d quarks where the
onset of strangeness degrees of freedom may not occur
yet. This assumption is in accordance with the current
two-solar-mass pulsar constraints [34].
The �-equilibrium imposes a condition on the chemical

potentials of participating particles:

µn = µp + µe , µd = µu + µe , (1)

Neutron pairing:

Corresponding diquark pairing:

Chiral symmetry 
can be broken by 
this component.
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Controversy

Quark Vortex

Hadronic Vortex

How can they be connected?

Rotate the bucket filled 
with quarks

Upper part : Hadronic Vortex

Lower part : Quark Vortex

? ? ?
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Controversy
2

Abelian vortex.1 Thus one might envisage a join with a
continuous baryon velocity, as shown in Fig. 1(b), where a
boojum connects three hadronic vortices with three non-
Abelian CFL vortices [10, 11]. However, as we discuss in
this paper, one does not have to make a join involving
three vortices in the hadronic phase, but rather one can
make a baryon-velocity conserving join between a single
hadronic vortex and a single non-Abelian vortex in the
CFL phase, as shown in Fig. 1(c), without any need for a
boojum. To the extent that the various flavor quantum
numbers permit a smooth transition from the hadronic
to the CFL quark phase, angular momentum carrying
states remain consistent with quark-hadron continuity.

To spell out this picture in detail, we first discuss more
precisely the nature of quark-hadron continuity between
the hadronic and quark phases. On the deconfined quark
side the (ideal) CFL phase contains u (up), d (down),
and s (strange) quarks, all with the same mass, with a
Fermi sea equally populated with all three flavors and
all three colors of quarks. The corresponding hadronic
phase, three-flavor hyperonic matter, contains all mem-
bers of the light baryon flavor octet – n, p, ⇤, ⌃0, ⌃±,
⌅0, and ⌅� – all of the same mass. In the ground state
at finite density, the particles populate a Fermi sea with
all states of the octet equally present.

Both phases break chiral symmetry [1] and U(1)B, with
the same symmetry breaking pattern [SU(3)L⌦SU(3)R⌦
U(1)B ! SU(3)V]. In both phases BCS pairing leads
to breaking of U(1)B symmetry and superfluidity. The
hadronic dibaryon condensate is a flavor singlet formed
from two paired flavor octets. The CFL phase is usu-
ally described in the unitary gauge, in which the ground
state has a diquark condensate with the same color-flavor
orientation everywhere.2 In the hadronic phase, chiral
symmetry is spontaneously broken by a quark-antiquark
chiral condensate, producing a light octet of pseudoscalar
mesons, i.e., ⇡0, ⇡±, K0, K̄0, K±, and ⌘. The CFL con-
densate spontaneously breaks chiral symmetry, produc-
ing a light octet of pseudoscalar mesons [14–16]. Pre-
vious studies [2, 3, 17, 18] have established the conti-
nuity between the low-energy excitations of such three-
flavor hadronic and three-flavor quark matter.3 The nine
single-quark excitations of di↵erent colors and flavors can
be mapped, in the unitary gauge, onto the baryon octet
plus a baryon singlet which is usually not mentioned in
discussions of the confined phase because it is much heav-
ier than the octet baryons [3].

1
In Ref. [8] these configurations were referred to as “semi-

superfluid strings,” however we will call them “non-Abelian vor-

tices” to emphasize the presence of non-Abelian color magnetic

flux in the core combined with vortex-like global rotation of the

quark condensate.
2
With full three-flavor symmetry, CFL pairing is the most sta-

ble [12, 13].
3
This continuity is an example of the complementarity between

the confined and Higgs phases of a non-Abelian gauge theory

[19].

q

qq q qq q

q
qq
qq

FIG. 2. Schematic illustration of the smooth evolution of

a hadronic vortex into a non-Abelian CFL vortex. In the

hadronic phase, the phase of the condensate corresponding

to paired baryons (six quarks) increases by 2⇡ in winding

around the vortex core. In the CFL phase in the gauge-fixed

picture, one component of the order parameter picks up a

phase 2⇡ in winding, as shown. In the gauge-invariant picture

the phase of the entire six-quark order parameter changes by

2⇡ in winding.

One can further understand quark-hadron continuity
in terms of the anomaly-induced coupling between the
chiral and diquark condensates [20, 21]. The implica-
tions of quark-hadron continuity for the QCD phase di-
agram are reviewed in Ref. [22], and for neutron stars in
Ref. [23].

Figure 2 summarizes our results. In the confined phase
(upper half of the figure) the hadronic vortex carries an-
gular momentum via the circulation of a gauge-invariant
dibaryon condensate which acquires a phase of 2⇡ when
transported around the core. This vortex can be con-
tinuously connected to a non-Abelian CFL vortex [8] in
the CFL quark phase (lower half of the figure) where the
vortex has the same baryon circulation, but it arises in
the unitary gauge from three diquark condensates, one of
which acquires a phase of 2⇡ when transported around
the core. On the other hand, in the gauge-invariant pic-
ture, described in detail in Sec. IIID, the phase increase
is attributed to the entire six quark order parameter.

This paper is organized as follows. In Sec. II we re-
view the generic properties of vortices in a superfluid. In
Sec. III we discuss the vortex configurations that exist
in three-flavor hadronic and quark matter. After dis-
cussions of hadronic vortices in Sec. III A, we describe
two di↵erent vortex configurations that have been con-
structed in three-flavor quark matter, the Abelian CFL
vortices in Sec. III B and the non-Abelian CFL vortices
in Sec. III C. and then we show how the non-Abelian
vortex can be continuously connected with the hadronic
vortex. In Sec. IIID we show how these non-Abelian
vortices can be understood in a gauge-invariant descrip-
tion, and in Sec. III E we explore the consequences of
explicit breaking of the SU(3) flavor symmetry. Finally,
in Sec. IV we discuss the role of color magnetic flux. We
focus throughout on the properties of connecting single
vortices, and leave the discussion of an array of vortices

Alford-Baym-Fukushima-Hatsuda-Tachibana (2018)

We proposed a scenario 
of the vortex continuity, 
but…
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Controversy “Test” Vortex

Contour C

Cherman-Sen-Yaffe (2018)

hW3(C)i/hW0(C)i
<latexit sha1_base64="sCXMxCAyg/hZiz2J75uDz93+9Fw="></latexit><latexit sha1_base64="sCXMxCAyg/hZiz2J75uDz93+9Fw="></latexit><latexit sha1_base64="sCXMxCAyg/hZiz2J75uDz93+9Fw="></latexit><latexit sha1_base64="sCXMxCAyg/hZiz2J75uDz93+9Fw="></latexit>

<latexit sha1_base64="CtniRG5BFdi4lW1Km4MLGyYNwYc="></latexit>

⇠ ei2⇡⌫/3

Hadronic phase has no color flux and no phase… 
Distinguishable?
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coexist with the flavor-singlet pairing, e.g., the stan-
dard nucleon pairing in the spin-singlet isospin-triplet

channel, �(27)
B = h[NN ]symi, and the possible pairing

in the spin-singlet isospin-doublet channel, �
(8sym)
B =

h� 1
10 [N⇤]sym +

q
9
10 [N⌃]symi [27].

In any of these pairings, the chemical potential enter-
ing Eq. (12) is 2µB , that of a pair of baryons. Therefore,
no matter whether it is flavor singlet or non-singlet, a
hadronic vortex with winding number ⌫B has circulation
2⇡⌫B/(2µB), Eq. (1). The corresponding angular mo-
mentum per baryon is [see Eq. (13)]

LBz

NB
=

1

2
⌫B , (15)

since there are NB/2 pairs in the system.

B. Abelian CFL Vortices

The order parameter of quark matter in the CFL phase
in the unitary gauge can be written in terms of the color
and flavor triplet diquark operator [1]

�̂↵i = N ✏↵��✏ijk q�jC�5q�k , (16)

where C = i�0�2 is the charge conjugation operator, and
Greek and Latin letters denote color and flavor indices,
respectively; N is a normalization constant. The order
parameter is then

�↵i = h�̂↵ii . (17)

The matrix �↵i can be diagonalized by a combination of
color and flavor rotations, so that without loss of gener-
ality we write

� =

0

@
�r̄ū 0 0
0 �ḡd̄ 0
0 0 �b̄s̄

1

A , (18)

where r, g, b (r̄, ḡ, b̄) denote colors (anti-colors) and u, d, s
flavors; in the ground state, �r̄ū = �ḡd̄ = �b̄s̄ = �CFL.

Naively one would expect the angular momentum car-
rying states with lowest energy per unit of angular mo-
mentum, to be global U(1)B or “Abelian CFL” vortices.
In these vortices each of the three non-zero components
of the order parameter winds around the core of the vor-
tex, so for an Abelian CFL vortex aligned along the z
axis the order parameter assumes the form

�A = �CFL e
i⌫

A
'

0

@
f(r) 0 0
0 f(r) 0
0 0 f(r)

1

A , (19)

where f(r) varies monotonically from zero at r = 0 to
unity as r ! 1, with ⌫A the winding number of the
Abelian CFL vortex.

The quark chemical potential is µq = µB/3, and thus
the chemical potential per quark pair is 2µq = 2

3µB , so

from Eqs. (6) and (7) and the total momentum per quark
pair in the condensate is

~p =
2

3
µB ~v , (20)

where as before ~v is the superfluid velocity, so the circu-
lation is

CA =
3⌫A

2µB

I
d~̀ · ~r' =

3⌫A

2
· 2⇡
µB

. (21)

The angular momentum per baryon of the vortex is

LAz

NB
=

3

2
⌫A . (22)

We now ask how the vortices in hadronic matter would
match on to Abelian vortices in CFL quark matter at a
crossover between these phases. If the superfluid veloc-
ity, and hence the circulation, Eq. (12), and angular mo-
mentum per baryon, Eq. (13), do not match in the two
phases, then quark-hadron continuity would be violated.
By comparing Eqs. (1) and (21), or equivalently (15) and
(22), we see that matching would require

⌫B = 3⌫A . (23)

The matching relation (23) implies that three singly
quantized hadronic vortices should merge into one
Abelian CFL vortex, violating quark-hadron continuity
in states with finite angular momentum. This merging
would require a boojum [7] at the interface between the
two phases, as sketched in Fig. 1(a). As we discuss in
the next section, the violation need not be present for
the more stable non-Abelian vortices in the CFL phase.

C. Non-Abelian CFL Vortices

An Abelian CFL vortex is energetically unstable
against formation of three “non-Abelian” vortices [8, 9].
The condensate of the anti-red–anti-up (r̄ū) non-Abelian
vortex is

�(1) = �CFL

0

@
ei⌫1'f(r) 0 0

0 g(r) 0
0 0 g(r)

1

A , (24)

with corresponding gluon field

A(1)
' = � ⌫1

gcr
[1� h(r)]

0

@
� 2

3 0 0
0 1

3 0
0 0 1

3

1

A , (25)

where gc is the QCD coupling and the boundary condi-
tions are

f ! 0, g0 ! 0, h ! 1 as r ! 0 ,
f ! 1, g ! 1, h ! 0 as r ! 1 .

(26)

Single-valuedness of the condensate requires that ⌫1 be an
integer. Anti-green–anti-down (ḡd̄) and anti-blue–anti-
strange (b̄s̄) versions, �(2) with ⌫2 and �(3) with ⌫3, can
be obtained by permuting the diagonal elements.

Gap matrix in color-flavor space
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Abelian CFL vortex

4

coexist with the flavor-singlet pairing, e.g., the stan-
dard nucleon pairing in the spin-singlet isospin-triplet

channel, �(27)
B = h[NN ]symi, and the possible pairing

in the spin-singlet isospin-doublet channel, �
(8sym)
B =

h� 1
10 [N⇤]sym +

q
9
10 [N⌃]symi [27].

In any of these pairings, the chemical potential enter-
ing Eq. (12) is 2µB , that of a pair of baryons. Therefore,
no matter whether it is flavor singlet or non-singlet, a
hadronic vortex with winding number ⌫B has circulation
2⇡⌫B/(2µB), Eq. (1). The corresponding angular mo-
mentum per baryon is [see Eq. (13)]

LBz

NB
=

1

2
⌫B , (15)

since there are NB/2 pairs in the system.

B. Abelian CFL Vortices

The order parameter of quark matter in the CFL phase
in the unitary gauge can be written in terms of the color
and flavor triplet diquark operator [1]

�̂↵i = N ✏↵��✏ijk q�jC�5q�k , (16)

where C = i�0�2 is the charge conjugation operator, and
Greek and Latin letters denote color and flavor indices,
respectively; N is a normalization constant. The order
parameter is then

�↵i = h�̂↵ii . (17)

The matrix �↵i can be diagonalized by a combination of
color and flavor rotations, so that without loss of gener-
ality we write

� =

0

@
�r̄ū 0 0
0 �ḡd̄ 0
0 0 �b̄s̄

1

A , (18)

where r, g, b (r̄, ḡ, b̄) denote colors (anti-colors) and u, d, s
flavors; in the ground state, �r̄ū = �ḡd̄ = �b̄s̄ = �CFL.

Naively one would expect the angular momentum car-
rying states with lowest energy per unit of angular mo-
mentum, to be global U(1)B or “Abelian CFL” vortices.
In these vortices each of the three non-zero components
of the order parameter winds around the core of the vor-
tex, so for an Abelian CFL vortex aligned along the z
axis the order parameter assumes the form

�A = �CFL e
i⌫

A
'

0

@
f(r) 0 0
0 f(r) 0
0 0 f(r)

1

A , (19)

where f(r) varies monotonically from zero at r = 0 to
unity as r ! 1, with ⌫A the winding number of the
Abelian CFL vortex.

The quark chemical potential is µq = µB/3, and thus
the chemical potential per quark pair is 2µq = 2

3µB , so

from Eqs. (6) and (7) and the total momentum per quark
pair in the condensate is

~p =
2

3
µB ~v , (20)

where as before ~v is the superfluid velocity, so the circu-
lation is

CA =
3⌫A

2µB

I
d~̀ · ~r' =

3⌫A

2
· 2⇡
µB

. (21)

The angular momentum per baryon of the vortex is

LAz

NB
=

3

2
⌫A . (22)

We now ask how the vortices in hadronic matter would
match on to Abelian vortices in CFL quark matter at a
crossover between these phases. If the superfluid veloc-
ity, and hence the circulation, Eq. (12), and angular mo-
mentum per baryon, Eq. (13), do not match in the two
phases, then quark-hadron continuity would be violated.
By comparing Eqs. (1) and (21), or equivalently (15) and
(22), we see that matching would require

⌫B = 3⌫A . (23)

The matching relation (23) implies that three singly
quantized hadronic vortices should merge into one
Abelian CFL vortex, violating quark-hadron continuity
in states with finite angular momentum. This merging
would require a boojum [7] at the interface between the
two phases, as sketched in Fig. 1(a). As we discuss in
the next section, the violation need not be present for
the more stable non-Abelian vortices in the CFL phase.

C. Non-Abelian CFL Vortices

An Abelian CFL vortex is energetically unstable
against formation of three “non-Abelian” vortices [8, 9].
The condensate of the anti-red–anti-up (r̄ū) non-Abelian
vortex is

�(1) = �CFL

0

@
ei⌫1'f(r) 0 0

0 g(r) 0
0 0 g(r)

1

A , (24)

with corresponding gluon field

A(1)
' = � ⌫1

gcr
[1� h(r)]

0

@
� 2

3 0 0
0 1

3 0
0 0 1

3

1

A , (25)

where gc is the QCD coupling and the boundary condi-
tions are

f ! 0, g0 ! 0, h ! 1 as r ! 0 ,
f ! 1, g ! 1, h ! 0 as r ! 1 .

(26)

Single-valuedness of the condensate requires that ⌫1 be an
integer. Anti-green–anti-down (ḡd̄) and anti-blue–anti-
strange (b̄s̄) versions, �(2) with ⌫2 and �(3) with ⌫3, can
be obtained by permuting the diagonal elements.

Non-Abelian CFL vortex

4

coexist with the flavor-singlet pairing, e.g., the stan-
dard nucleon pairing in the spin-singlet isospin-triplet

channel, �(27 )
B = ! [NN ]sym", and the possible pairing

in the spin-singlet isospin-doublet channel, �
(8sym )
B =

!# 1
10 [N⇤]sym +

!
9

10 [N⌃]sym" [27].

In any of these pairings, the chemical potential enter-
ing Eq. (12) is 2µB , that of a pair of baryons. Therefore,
no matter whether it is flavor singlet or non-singlet, a
hadronic vortex with winding number ! B has circulation
2"! B / (2µB ), Eq. (1). The corresponding angular mo-
mentum per baryon is [see Eq. (13)]

L Bz

NB
=

1

2
! B , (15)

since there are NB/ 2 pairs in the system.

B. Abelian CFL Vortices

The order parameter of quark matter in the CFL phase
in the unitary gauge can be written in terms of the color
and flavor triplet diquark operator [1]

�̂! i = N #!"# #ijk q" j C$5q#k , (16)

where C = i $0$2 is the charge conjugation operator, and
Greek and Latin letters denote color and flavor indices,
respectively; N is a normalization constant. The order
parameter is then

�! i = ! �̂! i " . (17)

The matrix �! i can be diagonalized by a combination of
color and flavor rotations, so that without loss of gener-
ality we write

� =

"

#
�r̄ ū 0 0
0 �ḡd̄ 0
0 0 �b̄s̄

$

% , (18)

where r, g, b (r̄, ḡ, b̄) denote colors (anti-colors) and u, d, s
flavors; in the ground state, �r̄ ū = �ḡd̄ = �b̄s̄ = �CFL.

Naively one would expect the angular momentum car-
rying states with lowest energy per unit of angular mo-
mentum, to be global U(1)B or “Abelian CFL” vortices.
In these vortices each of the three non-zero components
of the order parameter winds around the core of the vor-
tex, so for an Abelian CFL vortex aligned along the z
axis the order parameter assumes the form

�A = �CFL ei $A %

"

#
f (r ) 0 0
0 f (r ) 0
0 0 f (r )

$

% , (19)

where f (r ) varies monotonically from zero at r = 0 to
unity as r $ % , with ! A the winding number of the
Abelian CFL vortex.

The quark chemical potential is µq = µB / 3, and thus
the chemical potential per quark pair is 2µq = 2

3 µB , so

from Eqs. (6) and (7) and the total momentum per quark
pair in the condensate is

%p =
2

3
µB %v , (20)

where as before %v is the superfluid velocity, so the circu-
lation is

CA =
3! A

2µB

&
d%&á%& ' =

3! A

2
á
2"
µB

. (21)

The angular momentum per baryon of the vortex is

L Az

NB
=

3

2
! A . (22)

We now ask how the vortices in hadronic matter would
match on to Abelian vortices in CFL quark matter at a
crossover between these phases. If the superfluid veloc-
ity, and hence the circulation, Eq. (12), and angular mo-
mentum per baryon, Eq. (13), do not match in the two
phases, then quark-hadron continuity would be violated.
By comparing Eqs. (1) and (21), or equivalently (15) and
(22), we see that matching would require

! B = 3! A . (23)

The matching relation (23) implies that three singly
quantized hadronic vortices should merge into one
Abelian CFL vortex, violating quark-hadron continuity
in states with finite angular momentum. This merging
would require a boojum [7] at the interface between the
two phases, as sketched in Fig. 1(a). As we discuss in
the next section, the violation need not be present for
the more stable non-Abelian vortices in the CFL phase.

C. Non-Abelian CFL Vortices

An Abelian CFL vortex is energetically unstable
against formation of three “non-Abelian” vortices [8, 9].
The condensate of the anti-red–anti-up (r̄ ū) non-Abelian
vortex is

�(1) = �CFL

"

#
ei $1 %f (r ) 0 0

0 g(r ) 0
0 0 g(r )

$

% , (24)

with corresponding gluon field

A(1)
% = #

! 1

gcr
[1 # h(r )]

"

#
# 2

3 0 0
0 1

3 0
0 0 1

3

$

% , (25)

where gc is the QCD coupling and the boundary condi-
tions are

f $ 0, g! $ 0, h $ 1 as r $ 0 ,
f $ 1, g $ 1, h $ 0 as r $ % . (26)

Single-valuedness of the condensate requires that ! 1 be an
integer. Anti-green–anti-down (ḡd̄) and anti-blue–anti-
strange (b̄̄s) versions, �(2) with ! 2 and �(3) with ! 3, can
be obtained by permuting the diagonal elements.
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Why Non-Abelian ?

5

To obtain the superßuid velocity and angular momen-
tum per baryon of the non-Abelian vortex, we rewrite
Eq. (24) as

! (1) = " CFL e
i
3 ! 1 "

!

"
e

2i
3 ! 1 " f (r ) 0 0

0 e! i
3 ! 1 " g(r ) 0

0 0 e! i
3 ! 1 " g(r )

#

$ .

(27)
In this form the overall factor of e

i
3 ! 1 " is the U(1)B phase,

while the phase factors within the matrix are a color ro-
tation. [We note for later computation of the covariant
derivative of ! (1) that the gradients of these phases are
compensated by the color gauge Þeld (25).]

The chemical potential per quark pair is 2µq = 2
3 µB ,

so from Eqs. (6), (7), and (9) the total momentum per
quark pair is related to the superßuid velocity !v by

!p =
1
3

á
" 1

r
ö# =

2
3

µB !v . (28)

The circulation around the vortex, Eq. (12), is

C(1) =
%

C
!v ád!$=

%"1
µB

. (29)

Correspondingly, the angular momentum per baryon of
the vortex of the form (24) or (27) is

L (1) z

NB
=

1
2

" 1 . (30)

The same relations also hold for! (2) with " 2 and ! (3)

with " 3.
We see from Eqs. (1) and (29) and from Eqs. (15) and

(30) that singly quantized ( " B = 1) vortices in hadronic
matter can match onto singly quantized (" 1 = 1, " 2 = 1,
or " 3 = 1) non-Abelian vortices in CFL quark matter at
a crossover between these phases, with no discontinuity
in baryon velocity and angular momentum.

This result can be understood intuitively as follows. In
the hadronic vortex, the dibaryon condensate acquires a
phase of 2%as one follows it along a contour encircling
the vortex core. Since the dibaryon can be viewed as 3
diquarks, this corresponds to each diquark acquiring a
phase of 2%/ 3. The non-Abelian vortex in the CFL con-
densate has exactly the same circulation: each diquark
acquires a phase4 of 2%/ 3.

We conclude, in agreement with Ref. [11], that a sin-
gle non-Abelian CFL vortex has the same circulation as
a hadronic vortex. However, Ref. [11] suggests that, in
order to neutralize the color ßux contained in the non-
Abelian vortices, three non-Abelian CFL vortices must
merge to form a boojum at the CFL-hadronic bound-
ary to which three hadronic vortices then connect [see

4 If U(1) B were a local gauge symmetry, the vortex would become
a U(1) B ßux tube. The hadronic vortex and the non-Abelian
vortex would both have the same U(1) B ßux in their cores.

Fig. 1(b)]. As we argue below, there is no need for such a
boojum: a single non-Abelian CFL vortex can smoothly
evolve into a single hadronic vortex [as in Fig.1(c)]. To
show this, further consideration of the ßavor structure
of the vortices is necessary in the hadronic and the CFL
phases, as we discuss in Sec.III D .

D. Gauge-invariant description

In Sec. III we described the CFL condensate in the
unitary gauge. Although such a gauge-Þxed description
is convenient for writing down the non-Abelian vortex
solution explicitly and showing the continuity of the cir-
culation and angular momentum between the hadronic
phase and the CFL phase, it is not clear how the ßavor
structures in the two phases are connected. To resolve
this problem, in this section we describe vortices in the
CFL phase in a gauge-invariant manner [28] using di-
quarks in Eqs. (16) and (17) as building blocks. We can
write down meson-like and baryon-like gauge-invariant
combinations of diquark operators,

öM j
i (!r ) ! ö!  

i #
ö! # j , (31)

ö# ijk (!r ) !
1
6

&#$% ö! # i ö! $ j ö! %k . (32)

We will focus on ö# ijk (!r ) for the moment and will con-
sider öM j

i (!r ) later in Sec. III D 3 . According to quark-
hadron continuity, " ö# ijk (!r )# is nonzero in both the CFL
and hadronic phases because both phases break baryon
number, via diquark and dibaryon condensates respec-
tively. In Secs. III D 1 and III D 2 below we will discuss
the projection of ö# ijk (!r ) onto speciÞc ßavor representa-
tions.

In the CFL phase, in the mean Þeld approximation,

# ijk (!r ) ! " ö# ijk (!r )#=
1
6

&#$%! # i ! $ j ! %k . (33)

# ijk (!r ) provides a gauge-invariant description of the
non-Abelian vortex originally deÞned through the gauge-
dependent condensate! .

Note that the irreducible ßavor SU(3) decomposition
of # ijk (!r ) is

3" $ 3" $ 3" = 1 %8 %8 %10" , (34)

so that not only ßavor-singlet but also ßavored vor-
tices can be obtained from! by appropriate projections.
These would match to certain of the hadronic vortices
classiÞed in Eq. (14).

According to (33) the total number of 6-quark con-
densates in the CFL phase is 3& 3 & 3 = 27, while the
number of pairs of octet baryons in the hadronic phase is
8& 8 = 64. One might think that there is a mismatch, but
this is because our diquark condensate! only includes
ßavor antisymmetric diquarks. We will discuss this point
in Sec. III D 2 .

Abelian Phase

(Superfluid Vortex) Non-Abelian Phase (T3 and T8)


(Gauged Vortex)

4

coexist with the ßavor-singlet pairing, e.g., the stan-
dard nucleon pairing in the spin-singlet isospin-triplet
channel, ! (27 )

B = ! [NN ]sym ", and the possible pairing

in the spin-singlet isospin-doublet channel, ! (8sym )
B =

!# 1
10 [N " ]sym +

!
9

10 [N # ]sym " [27].
In any of these pairings, the chemical potential enter-

ing Eq. (12) is 2µB , that of a pair of baryons. Therefore,
no matter whether it is ßavor singlet or non-singlet, a
hadronic vortex with winding number ! B has circulation
2"! B / (2µB ), Eq. (1). The corresponding angular mo-
mentum per baryon is [see Eq. (13)]

L Bz

NB
=

1
2

! B , (15)

since there areNB / 2 pairs in the system.

B. Abelian CFL Vortices

The order parameter of quark matter in the CFL phase
in the unitary gauge can be written in terms of the color
and ßavor triplet diquark operator [1]

ö$ ! i = N #!"# #ijk q" j C$5q#k , (16)

whereC = i$0$2 is the charge conjugation operator, and
Greek and Latin letters denote color and ßavor indices,
respectively; N is a normalization constant. The order
parameter is then

$ ! i = ! ö$ ! i " . (17)

The matrix $ ! i can be diagonalized by a combination of
color and ßavor rotations, so that without loss of gener-
ality we write

$ =

"

#
$ ør øu 0 0

0 $ øg ød 0
0 0 $ øbøs

$

% , (18)

wherer, g, b (ør, øg,øb) denote colors (anti-colors)and u, d, s
ßavors; in the ground state,$ ør øu = $ øg ød = $ øbøs = ! CFL .

Naively one would expect the angular momentum car-
rying states with lowest energy per unit of angular mo-
mentum, to be global U(1)B or ÒAbelian CFLÓ vortices.
In these vortices each of the three non-zero components
of the order parameter winds around the core of the vor-
tex, so for an Abelian CFL vortex aligned along the z
axis the order parameter assumes the form

$ A = ! CFL ei $A %

"

#
f (r ) 0 0

0 f (r ) 0
0 0 f (r )

$

% , (19)

where f (r ) varies monotonically from zero at r = 0 to
unity as r $ % , with ! A the winding number of the
Abelian CFL vortex.

The quark chemical potential is µq = µB / 3, and thus
the chemical potential per quark pair is 2µq = 2

3 µB , so

from Eqs. (6) and (7) and the total momentum per quark
pair in the condensate is

%p =
2
3

µB %v , (20)

where as before%v is the superßuid velocity, so the circu-
lation is

CA =
3! A

2µB

&
d%&á%& ' =

3! A

2
á

2"
µB

. (21)

The angular momentum per baryon of the vortex is

L A z

NB
=

3
2

! A . (22)

We now ask how the vortices in hadronic matter would
match on to Abelian vortices in CFL quark matter at a
crossover between these phases. If the superßuid veloc-
ity, and hence the circulation, Eq. (12), and angular mo-
mentum per baryon, Eq. (13), do not match in the two
phases, then quark-hadron continuity would be violated.
By comparing Eqs. (1) and (21), or equivalently (15) and
(22), we see that matching would require

! B = 3 ! A . (23)

The matching relation (23) implies that three singly
quantized hadronic vortices should merge into one
Abelian CFL vortex, violating quark-hadron continuity
in states with Þnite angular momentum. This merging
would require a boojum [7] at the interface between the
two phases, as sketched in Fig.1(a). As we discuss in
the next section, the violation need not be present for
the more stable non-Abelian vortices in the CFL phase.

C. Non-Abelian CFL Vortices

An Abelian CFL vortex is energetically unstable
against formation of three Ònon-AbelianÓ vortices [8, 9].
The condensate of the anti-redÐanti-up (ør øu) non-Abelian
vortex is

$ (1) = ! CFL

"

#
ei $1 %f (r ) 0 0

0 g(r ) 0
0 0 g(r )

$

% , (24)

with corresponding gluon Þeld

A(1)
% = #

! 1

gcr
[1 # h(r )]

"

#
# 2

3 0 0
0 1

3 0
0 0 1

3

$

% , (25)

where gc is the QCD coupling and the boundary condi-
tions are

f $ 0, g! $ 0, h $ 1 as r $ 0,
f $ 1, g $ 1, h $ 0 as r $ % . (26)

Single-valuedness of the condensate requires that! 1 be an
integer. Anti-greenÐanti-down (øgød) and anti-blueÐanti-
strange (øbøs) versions, $ (2) with ! 2 and $ (3) with ! 3, can
be obtained by permuting the diagonal elements.

Non-Abelian vortex carries Non-Abelian Magnetic Flux
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If C is large enough, f  →1, g →1, h →0

Center element of the non-Abelian magnetic flux appears

                                             (making the vortices “anyons”)

!W3(C)" # tr

!

"
e! 4! i

3 ! 1 0 0
0 e

2! i
3 ! 1 0

0 0 e
2! i

3 ! 1

#

$

# e
2! i

3 ! 1
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Cherman-Sen-Yaffe (2018)
See also Hirono-Tanizaki (2019)
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Recent controversy

2

Abelian vortex.1 Thus one might envisage a join with a
continuous baryon velocity, as shown in Fig. 1(b), where a
boojum connects three hadronic vortices with three non-
Abelian CFL vortices [10, 11]. However, as we discuss in
this paper, one does not have to make a join involving
three vortices in the hadronic phase, but rather one can
make a baryon-velocity conserving join between a single
hadronic vortex and a single non-Abelian vortex in the
CFL phase, as shown in Fig. 1(c), without any need for a
boojum. To the extent that the various flavor quantum
numbers permit a smooth transition from the hadronic
to the CFL quark phase, angular momentum carrying
states remain consistent with quark-hadron continuity.

To spell out this picture in detail, we first discuss more
precisely the nature of quark-hadron continuity between
the hadronic and quark phases. On the deconfined quark
side the (ideal) CFL phase contains u (up), d (down),
and s (strange) quarks, all with the same mass, with a
Fermi sea equally populated with all three flavors and
all three colors of quarks. The corresponding hadronic
phase, three-flavor hyperonic matter, contains all mem-
bers of the light baryon flavor octet – n, p, ⇤, ⌃0, ⌃±,
⌅0, and ⌅� – all of the same mass. In the ground state
at finite density, the particles populate a Fermi sea with
all states of the octet equally present.

Both phases break chiral symmetry [1] and U(1)B, with
the same symmetry breaking pattern [SU(3)L⌦SU(3)R⌦
U(1)B ! SU(3)V]. In both phases BCS pairing leads
to breaking of U(1)B symmetry and superfluidity. The
hadronic dibaryon condensate is a flavor singlet formed
from two paired flavor octets. The CFL phase is usu-
ally described in the unitary gauge, in which the ground
state has a diquark condensate with the same color-flavor
orientation everywhere.2 In the hadronic phase, chiral
symmetry is spontaneously broken by a quark-antiquark
chiral condensate, producing a light octet of pseudoscalar
mesons, i.e., ⇡0, ⇡±, K0, K̄0, K±, and ⌘. The CFL con-
densate spontaneously breaks chiral symmetry, produc-
ing a light octet of pseudoscalar mesons [14–16]. Pre-
vious studies [2, 3, 17, 18] have established the conti-
nuity between the low-energy excitations of such three-
flavor hadronic and three-flavor quark matter.3 The nine
single-quark excitations of di↵erent colors and flavors can
be mapped, in the unitary gauge, onto the baryon octet
plus a baryon singlet which is usually not mentioned in
discussions of the confined phase because it is much heav-
ier than the octet baryons [3].

1
In Ref. [8] these configurations were referred to as “semi-

superfluid strings,” however we will call them “non-Abelian vor-

tices” to emphasize the presence of non-Abelian color magnetic

flux in the core combined with vortex-like global rotation of the

quark condensate.
2
With full three-flavor symmetry, CFL pairing is the most sta-

ble [12, 13].
3
This continuity is an example of the complementarity between

the confined and Higgs phases of a non-Abelian gauge theory

[19].

q

qq q qq q

q
qq
qq

FIG. 2. Schematic illustration of the smooth evolution of

a hadronic vortex into a non-Abelian CFL vortex. In the

hadronic phase, the phase of the condensate corresponding

to paired baryons (six quarks) increases by 2⇡ in winding

around the vortex core. In the CFL phase in the gauge-fixed

picture, one component of the order parameter picks up a

phase 2⇡ in winding, as shown. In the gauge-invariant picture

the phase of the entire six-quark order parameter changes by

2⇡ in winding.

One can further understand quark-hadron continuity
in terms of the anomaly-induced coupling between the
chiral and diquark condensates [20, 21]. The implica-
tions of quark-hadron continuity for the QCD phase di-
agram are reviewed in Ref. [22], and for neutron stars in
Ref. [23].

Figure 2 summarizes our results. In the confined phase
(upper half of the figure) the hadronic vortex carries an-
gular momentum via the circulation of a gauge-invariant
dibaryon condensate which acquires a phase of 2⇡ when
transported around the core. This vortex can be con-
tinuously connected to a non-Abelian CFL vortex [8] in
the CFL quark phase (lower half of the figure) where the
vortex has the same baryon circulation, but it arises in
the unitary gauge from three diquark condensates, one of
which acquires a phase of 2⇡ when transported around
the core. On the other hand, in the gauge-invariant pic-
ture, described in detail in Sec. IIID, the phase increase
is attributed to the entire six quark order parameter.

This paper is organized as follows. In Sec. II we re-
view the generic properties of vortices in a superfluid. In
Sec. III we discuss the vortex configurations that exist
in three-flavor hadronic and quark matter. After dis-
cussions of hadronic vortices in Sec. III A, we describe
two di↵erent vortex configurations that have been con-
structed in three-flavor quark matter, the Abelian CFL
vortices in Sec. III B and the non-Abelian CFL vortices
in Sec. III C. and then we show how the non-Abelian
vortex can be continuously connected with the hadronic
vortex. In Sec. IIID we show how these non-Abelian
vortices can be understood in a gauge-invariant descrip-
tion, and in Sec. III E we explore the consequences of
explicit breaking of the SU(3) flavor symmetry. Finally,
in Sec. IV we discuss the role of color magnetic flux. We
focus throughout on the properties of connecting single
vortices, and leave the discussion of an array of vortices

There must be a 
discontinuous 
interface!? 

→ 1st-order phase transition

We can cook up hadronic 
vortices to realize continuity. 
Implying that more structures 
of hadronic vortices should be considered.
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Crossover or not?
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Low and High Density Regions
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ø! /µ q = 2 ! 4

Upper edge is 
favored by resummed 
pQCD; see, 
Fujimoto-Fukushima 
(2020)
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Low and High Density Regions
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ø! /µ q = 2 ! 4

Upper edge is 
favored by resummed 
pQCD; see, 
Fujimoto-Fukushima 
(2020)

Uncertainty extends to 
the softer direction, 
which is nearly excluded 
by massive neutron stars.

Very Soft!

Very Soft!
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Interpolated by a polytrope EOS
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p(! ) ! K ! !

To support the massive neutron stars 
the intermediate EOS must be stiff, 
and where it becomes stiff is 
parametrized by .! stiff

For the first-order scenario one more

parameter, , is necessary.p1st
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Parameter regions excluded by physical conditions

Stiff

Soft
Bounded by massive 
neutron stars.

Bounded by causality.

For a conservative choice we use  in our simulation." = 3.5
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Parameter regions excluded by physical conditions

Stiff

Soft
Bounded by massive 
neutron stars.

Bounded by causality.

Assuming a transition at far high density,  is irrelevant.p1st
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We call this “With Crossover”.

We call this “Without Crossover”.

Discard the phase transition 
(too high density to probe)
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(Remark)


Weak 1st-order at intermediate 
density is still possible, but in this 
construction to match pQCD, 
it is inevitably very weak 1st, and 
there is no qualitative difference 
from the crossover.
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Fujimoto-Fukushima-Hotokezaka-Kyutoku (2022)
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observation as seen in Fig.4. Usually, the lower density
part of the EoS is responsible for the radius of stars, and
a larger radius is favored for a sti! er EoS at low density.
This tendency can be conÞrmed in Fig.1; the IHRG EoS
is constructed without the attractive interaction, and the
lower density part (nB /n 0 ! 1) from the IHRG model
exceeds that from the CS-HRG model. This behavior is
consistent with such an interpretation that the EoS with-
out attractive interaction gives too sti ! EoS at low density
and leads to a too large radius.

As mentioned earlier, forRB = 0 .511 fm, the maximum
packing density, above which the model breaks down, is
nB = 11.2n0 for the CS-HRG model. On the M -R re-
lation, the maximum mass of M = 2 .56M ! is attained
at nB = 9 .32n0, which certainly lies within the validity
range of the CS-HRG model. Regarding the maximum
mass, some controversies are unavoidable. Combining the
GW170817 event with the accompanying electromagnetic
observation, the maximum mass could be constrained to
be at most ! 2.3M ! [62Ð65]. Meanwhile, a compact ob-
ject with ! 2.6M ! has been observed in the GW190814,
which may be identiÞed as a massive neutron star. Near
the maximum mass region, another subtlety arises from a
possible transition to quark matter [66, 67]. It is a nontriv-
ial question where the validity bound of our model should
be. If we locate the validity bound at nB " 3.7n0 (see
explanations in Sec.2.3), our model should be very apt up
to M " 1.5M ! .

The HRG model provides us with a convenient picture
to probe the particle abundances. In Fig.5 we show the
fraction Yi = ni /n B of the particle speciesi . At small
density, the neutron, n, is dominant with a small fraction
of the proton, p, which slowly increases with increasing
density. The onset of the hyperons is observed slightly
below 2n0. As is consistent with the conventional scenario
(see, e.g., Sec. 5 of Ref. [68]), " " is activated Þrst as we
increase the density, and then# is produced afterwards.

4.2. Thermal index

In the applications for astrophysical phenomena such
as supernovae and binary neutron star mergers, the ther-
mal corrections to the EoS are often modeled by an ideal
gas approximation [32, 33, 70]. In order to deÞne the ther-
mal part of the EoS, which is parametrized by the thermal
index, $th , we introduce the rest-mass density of baryons
as ! B = mB nB with the nucleon mass, mB = 939 MeV.
We can decompose the energy density" as " = (1 + e)! B ,
where e is the speciÞc internal energy. We can add the
thermal corrections to the pressure and the energy on top
of the T = 0 parts as

p = pT =0 + pth , e = eT =0 + eth . (20)

In the simulations of neutron star mergers, the cold (T =
0) component is used before shock heating associated with
the stellar collision sets in. The relation between the ther-
mal pressure and the energy should be supplemented with

Figure 6: Thermal index ! th corresponding to the EoS shown in
Fig. 2. For reference, the ab initio calculations for pure neutron
matter [ 69] are overlaid in the grey color with the same line style
as our results. The canonical value of the adiabatic index for non-
relativistic ideal gas, ! = 5 / 3, is shown by a horizontal line.

the additional constraint, that is commonly parametrized
by

pth = ( $th # 1)! B eth . (21)

In the phenomenological studies,$th is a free parame-
ter. It is customary to choose$th around ! 1.7. For exam-
ple, $th = 1 .8 was adopted in Ref. [71]. If $th is too small
(like ! 1.3), the thermal pressure is not large enough to
sustain matter, resulting in a rapid proto-neutron star con-
traction for supernovae, and in a faster collapse of merger
remnants to black holes for binary merger. In this way,
smaller values of$th may have impact on core-collapse su-
pernova and binary neutron star merger simulations [72].
In contrast, a larger $th (like ! 2.0) would elongate the
life-time of the post-merger dynamics. Thus, for reliable
theoretical predictions, it is of utmost importance to con-
strain $th . Moreover, although it is often assumed to be
constant, $th may depend on the density and tempera-
ture [69].

We can make use of our EoS to infer$th , which can be
represented in terms of the thermodynamic quantities as

$th = 1 +
pth

eth ! B
= 1 +

pth

" th
. (22)

Here, " th = ! B eth is the thermal part of the energy density.
In Fig. 6, we show our estimate for the thermal index,$th ,
as a function of the density. We Þnd that$th becomes less
sensitive to the density asT gets larger; e.g.,$th is almost
constant around ! 1.4 at T = 50 MeV. The preceding
ab initio calculation based on#EFT [ 69] is also overlaid
on Fig. 6. Our $th and the ab initio $th [69] di! er qual-
itatively; it may be partially because the slope of the ab
initio EoS at T = 0 is gentle compared with the state-
of-the-art #EFT EoS [55, 56] to which our model is Þtted
to. We note that $th in Fig. 6 is computed under the as-
sumption of neutrinoless$-equilibrium. The values of $th

6

Thermal index is not larger than 1.8 and could be ~1.5 at high density.
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FIG. 4. Thermal energy (Þrst row), thermal pressure (second row), and thermal index (third row) for T = 30 MeV as function
of density for SNM (left panels) and PNM (right panels), using six di ! erent chiral two- and three-nucleon interactions (see text
for details). Note that the 2 N N3LO (EM) results are for two-nucleon interactions only.

appears around saturation density, while it is smaller for
PNM, emerging in this case around half saturation den-
sity. However, as the temperature increases, this maxi-
mum smoothens due to a balance between the thermal
pressure and the thermal energy. For higher densities,
the behavior is dictated by the thermal pressure, as dis-
cussed above. In fact, while for SNM in Fig. 3 the thermal
index shows a constant decrease, for PNM the decrease

in ! th is levelled as the temperature increases, as it was
observed for the respective thermal pressures. Note that
for very high temperatures the system should behave as
a relativistic gas, and relativistic e" ects should be taken
into account. According to the limits imposed by TaubÕs
inequality and to be consistent with relativistic kinetic
theory, the adiabatic index should never exceed the value
of 5/3, and should approach the value of 4/3 in the lim-

Carbone-Schwenk (2019)

Fujimoto-Fukushima-Hidaka-Hiraguchi-Iida (2021)
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From the kilonova data 
the ejecta mass is known 
to be 0.05M ! 


The remaining mass 
outside the apparent 
horizon after the BH 
formation should be 
larger than this mass.

Equal mass case is disfavored, but unequal mass is possible. 
If the mass ratio is determined independently (in the inspiral 
stage), the ejecta mass imposes a useful constraint on EOS.

Fujimoto-Fukushima-Hotokezaka-Kyutoku (2022)
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Summary

Gravitational waves from the post-merger stage 
should be sensitive to EOS at high density.

□ Needs further upgrade but should be coming if the 

(reliable) theoretical prediction is made.

Crossover (or weak 1st-order PT at low density) 

vs. strong 1st-order PT at high density

□ Life-time till the BH collapse signifies the sudden 

softening of EOS associated with quark matter.

Kilonova and ejecta mass give another constraint.

□ Some discussions on the maximum NS mass could be 

changed with realistic EOS.
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